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The boson method in superconductivity, developed in previous articles, is extended and ap-

plied to the problem of vortices in neutral and type-II superconductors.

In the approximation

considered, the distributions of current and magnetic field of a single vortex are given in the

whole domain, up to the center of the flux line.

Expressions for the vortex self-energy and

the interaction energy between two vortices are also derived. In the limiting case in which
k>>1 (where « is the Ginzburg-Landau parameter) and the structure of the core is approxi-
mated by a 6 function, our results agree with those of Abrikosov’s theory, based on the

Ginzburg-Landau equations.

I. STRUCTURE OF BOSON METHOD

We have devoted several papers¥? to the role
played by the bosons in the recovery of gauge in-
variance and current conservation in the theory of
superconductivity. In the course of this study it
appeared that many phenomena could be presented
from a new angle. We called this approach the
boson method. In the previous papers we have es-
sentially limited our study to the case of a position-
independent order parameter, although the space-
dependent case has been briefly touched upon in
Ref. 2.

The purpose of this paper is to extend our previous
considerations to space-dependent superconductors
and to show that this approach presents certain ad-
vantages. In order to check our general argument
we applied it to an extreme case of space dependence:
the vortex lines in type-II superconductors. We
would like to emphasize that although some of our
results are similar to the Landau-Ginzburg-Gor’kov
theory, % our method presents some essential dif-
ferences which will be shown explicitly in the fol-
lowing pages.

It has been known for many years that, in order
to have a theory of superconductivity where the cur-
rents are conserved and which is gauge invariant,
one has to take into account terms of higher order
than in the BCS theory (the reduced Hamiltonian
is not gauge invariant and the current obtained
through a simple Bogoliubov transformation is not
conserved).* It is also well known that already at
second order® there appear bosons in the theory and
that these bosons play a crucial role in the sym-
metry recovery.

If one wants to extend this program to the case
of a space-dependent order parameter, one is faced
immediately with great difficulties, since already
the first-order® problem (where no bosons appear)
is very hard to solve.?

The boson method suggests a line of approach
which allows us to bypass some of these difficulties.
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A keystone in this approach is the introduction of
some invariant transformations, under which the
field equations stay invariant while the ground-state
expectation values of various observables may
change. Through these transformations we can move
from the space-independent solution to space-de-
pendent ones. We have already derived the operator
forms of most of the important observables (such
as the current, density,-and Hamiltonian) expressed
in terms of bosons and quasifermions. These ex-
pressions were obtained by solving the electron
equations for the space-independent superconductor,
and they manifest the gauge invariance and current
conservation. Space-dependent phenomena can be
derived from these results simply by operating the
invariant transformations on the observables. In
this way the space dependence can be treated with-
out solving the Gor’kov equations, while the gauge
invariance and current conservation are guaranteed
by the boson effect. It will be shown that the order
parameter thus obtained satisfies the Gor’kov
equations.

To be more specific let us first consider the
case of a neutral superconductor. In Ref. 1 we
have solved the electron equations derived from
the BCS Hamiltonian and found the quasifermion
operators a, (s =4, ¥) and quasiboson operators B,.

The BCS Hamiltonian can be rewritten in terms
of these new operators in the form

H:E Ek az,s ak,s"'zwt B1I’Bl s
Ry s 1

(1.1)

where w; >3-/ 2y l=vyl for 1§< 1 (¢ is the coher-
ence length). The ground state |0) is assumed to
be position independent. The current and density
operators become

p&E, 1) =p V(X t)+p? (%, 1),
& =TV 0)+7? &, 1),

(1.2)

> q s
where p¥, p® TP and§? are, respectively,

the quasifermion density, quasiboson density, quasi-
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2 BOSON METHOD IN SUPERCONDUCTIVITY

fermion current, and quasiboson current. p(Z) and

3‘2’ can be expressed in terms of the boson field
B(%,t) and its canonical conjugate 7(X,t) in the fol-

lowing manner:
p? X, 1) = -n(Vn(X, t), (r=B)
T2, t) =2 n(VIVBR, 1) .

The coefficient 7(V) is given by n(V)= - 272 A
[R(¥)]*/2, where A is the energy gap and R(V) is de-
fined in Ref. 2.% As we have shown, n(V) is ‘properly
a temperature-dependent function: n(V)=n(¥, T); in
the following, the variable T will be omitted.

The conservation law for the bosons is guaranteed
by the field equation

(1.3)
(1.4)

82 - >
[5—52—113 Vz] B(x,t)=0 (1.5)
It has also been shown in Refs. 1 and 2 that the
electron fields can be expressed in terms of the
quasiparticle fields as

lP: ST exp{[i/n(e)]B(;(, t)}F[(I)(;{y t), 3 B(;(; t)] ’ (1- 6)

where ¢(X,?) is the quasifermion field and F is an
unknown function.

An interesting property of the boson operator
is that, under the transformation induced by the
generator

N2 = [ &y @) P E), (1.7)
it transforms in the following way:
B@&, 1)~ B, )=~ B, t)e'™?
=B, 0+ [ dyfGmEME-9, (.8
where
idG -)=[B&, 1), 16, 0)]. (1.9)

Another important result is that the transforma-
tion induced by N;® leaves the equations of motion
and the g-number part of the Hamiltonian invariant
if fX) obeys the Laplace equation

VH(X)=0 . (1.10)
For instance the equations of motion
- 19 .
[é(v)'*‘{'é—t'] lxbi = ")\d)3(wlwv) ’
(1.11)

[¢®+2 57 0= -nin,

where €(V) = -4 (.52+k§~), become after the trans-
formation

[eﬁ) sL

{f) (
; ]wﬁf’=—w‘”w‘”wif‘,

2w

(1.12)

= 19
[e(V)+;5?]wff’= AP )
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where
B =em Py, e
=exp{i[1/n(V)] B;} F[¢,0B;] . (1.13)

Equations (1.12) are easily derived observing that,
owing to (1.3), (1.5), and (1.7),

. 9 v %
=i e )57 f v
= [ @GN 52 56,1

f % fGm@)V2BG, 1)

and after partial integration’

g (1.14)

5= [ 2 82| =03 f 335G @86, -0,

(1.15)

since, by hypothesis, f(J) obeys the Laplace equa-
tion.

The proof that the transformation induced by
N? leaves invariant the ¢ -number part of the
Hamiltonian, modifying only the ¢ -number part,
requires more detailed arguments and is presented
in Appendix A.

It is also interesting to notice the invariance of
the boson field equation (1.5) under the transforma-
tion (1. 8).

In the following, the transformation induced by
N§? is called “the boson transformation.” As was
shown in Ref. 2, this coincides with the gauge
transformation when f is very smooth.® It is im-
portant to distinguish the boson transformation
from the gauge transformation because the electron
equation is invariant under the boson transformation
even when f is not smooth. When f is a constant,
the boson transformation is simply a phase trans-
formation of ). The invariance of the electron
equations under the phase transformation of ¥ is
well known and is obvious from (1.11). It is, how-
ever, remarkable that there exists a position-de-
pendent transformation which keeps the electron
equations invariant. Such an invariance is not ex-
plicitly seen from the electron equation (1.11), be-
cause the boson transformation induces a compli-
cated nonlocal transformation of § as is shown by
(1.138). (The invariance becomes explicit when we
focus our attention on the boson.)

Using these results, our approach in a space-
dependent problem is the following. We first look
for an f (X) satisfying the Laplace equation as well
as the boundary conditions of the problem and then
induce the transformation generated by the cor-
responding Ni’. For instance the new boson cur-
rent obtained after the transformation is, using
(1.4),

P& )= vin()VBE, 1)+ "V 25 [ d¥y e - §){(§>,6)
1.1
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where 1 means 7(0) and

c& =) =[n" @) /m*dE-7).
Everywhere in Ref. (2) we approximated 7 (1) by
1(0) so that c(X) itself was the boson commutator.
In Ref. (2) we took

C(§—§)= Z eil'(i—i’) ,
[RERS 7]

(1.17)

(1.18)

where 1,=2A/v,. This is of course an oversimpli-
fied choice. In the present paper we do not speci-
fy the precise structure of this function. Use is
made only of the fact that this function has a range
of the order of ¢ and that it is normalized:

[ d&xc&-3)= [ a®xdx-7)=1.
The ground-state current is obtained immediately

as the average value of ] ‘¥ (%, ) with respect to the
(space-independent) ground state | 0):

032G 1| 0y =1 v, [ d¥cE-FFF).

The position-dependent order parameter is obtained
simultaneously:

AR)= (0| exp{[ 2i/n(V)|B; (%, 1)}F (¢, 2B,) | 0) .
(1.21)

The absolute value | A(X) | depends on X because
B, contains f[cf. (1.8)] which is a space-dependent
¢ number.

The Gor’kov equations for the Green’s functions
can be derived from Eq. (1.12) in the usual way.

In other words, A(X)given by (1.21) satisfies the
Gor’kov equations. One should note that the ground
state to be used is still the original space-indepen-
dent ground state | 0), the space dependence having
been introduced in the operators y'" [see Eq.
(1.13)].

We thus obtain simultaneously the Gor’kov equa-
tions and their solutions. On the other hand the
correct ground-state current is given by expres-
sion (1. 20).

The fact that the transformation induced by N;?
leaves the g-number part of the Hamiltonian invari-
ant implies that the system described after trans-
formation is the same system as before but influ-
enced by new boundary conditions. The invariance
of the electron equations does not mean that the
energy of the system is unchanged. The transforma-
tion induces a ¢ -number part in the Hamiltonian,
and thus, for instance, modifies the ground-state
energy. For instance let us consider the con-
tribution of the persistent current to the ground-
state energy. The boson part of the Hamiltonian
(1.1) can be put in the form?

(1.19)

(1.20)

H(B)=% [ & [r*® +12VBR) - VBX)]. (1.22)

After the boson transformation the expectation value
of the transformed Hamiltonian H; in the ground
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state is
(H{B)) = (1/2n%}) [ d*x T &) - JR).

One of the principal merits of the Boson method
is that it relates through a simple transformation
(simple only when expressed in terms of boson
fields) different states of a superconductor, each
of these situations being characterized by a solu-
tion of the Laplace equation (1.10) obeying certain
boundary conditions.

The method described above is not modified when
the Coulomb interaction among electrons is taken
into account.? We include in the Hamiltonian the
Coulomb interaction

se? [ a% [ % p&, tp(F,1)/| X-F |

and diagonalize the new Hamiltonian. The expres-
sion of the Hamiltonian in terms of quasifermion
and quasiboson operators is again given by (1.1),
where w, is now a plasma frequency. The following
relations are still true: .

p*? (X, t)= -n(V)r° (%, 1),
EC(Z) (iv t) = Ug'fl (-6)-V’BCG(, t)s
[B°%, 1), 7°(F, )] =i dx - ),

where the superscript ¢ designates the operators
under the influence of the Coulomb interaction. The
boson field equation (1.5) is modified by the Coulomb
effect to become

(1.23)

(1.24)

2 2, 2

(57 =% ) ‘&fffdsy e
I/g V2 -.v(z)_V’z (1.25)

where p = (47)*2 en. This shows that the plasma energy

w, is equal to (3% +p??). As was shown in Ref.

2, p%g is about equal to 47e®s,/m where u, is the

superelectron density. The relation between 7 and

Bis also modified by the Coulomb effect

2 c(y
e e B[ G, 1)
BC(X,t)—'n &’t)+4ﬂfdyl§—-§'

Making use of the relations (1.25) and (1.26), we
obtain

% 7%, 1) =08 V2B (%, 1).
The current conservation law is now obvious from
this relation. It is also obvious that the boson
equation (1.25) is invariant under the boson trans-
formation as it should be. It is not difficult to show
that the Gor’kov equations and their solutions can
again be generated simultaneously by the new gen-
erator

Ne® = [ @y B §, 1) (F),

where f(¥) obeys the Laplace equation.
The inclusion of a vector potential presents more
problems. Part of the vector potential can be in-

. B
7 viB(y,t) =0,

(1.26)

(1.27)
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cluded directly by gauge-invariance considerations.
VB, ?) is replaced everywhere by

VB, t) - efdy AG)n(V,)a&x 7). (1.28)

The gauge invariance of this expression is obvious
if one remembers the relation (1.13). By doing

the substitution (1.28) one includes, so to speak,
the vector potential attached to the bosons (or con-
densed electrons). Since the description of vortex
lines presented in the rest of the present article is
intended as an illustration of the method described
in this section, we simplified the calculations by
including only the part of the vector potential ap-
pearing in (1.28). The core current may conse-
quently be incomplete. A more detailed calculation
will be presented later. From these considerations
it is easy to see that in the case of a charged super-
conductor the boson transformation, generated by
N¢® | induces the following ground-state current
(or persistent current):

T @) =enoi[v, [ cG-7)/F)d%
—e [ cG-PAF)a%]. (1.29)

Performing the boson transformation in the boson
Hamiltonian in the charged case, we find that the
expectation value of the transformed Hamiltonian
H; in the ground state is

(Hy(B))=(1/2¢%%8) [ dx T®) - T(®.  (1.30)

It should be noted that the boson transformation
induces also the following operator term in H;:

(1/2n) [ @ VBR) - I(X)

which, however, is zero owing to the conservation
law V - J = 0. Thus, the ground state remains an
eigenstate of the Hamiltonian under the boson trans-
formation.

Another interesting application of the boson
method is the Josephson effect. This effect can
be obtained through the boson transformation
generated by Nj2, where f obeys the Laplace equa-
tion and is subject to appropriate boundary condi-
tions. Thus the Josephson effect becomes a prob-
lem of the Laplace equation. A study of the
Josephson effect along these lines will be presented
in a separate article.

II. EQUATIONS FOR VECTOR POTENTIAL ;
If we introduce (1.29) in the Maxwell equation®
4nd =VXVXA, (2.1)
we get the following equation for A:
VXVXAR +(1/28)[ ¢ &-FAF) d = dre] &),
(2.2)
where ), is the London penetration depth

1/22 = 4mne?/m =~ dne’n®l .
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The general solutlon of this equation is given by
A= Al +Az, where A1 is the general solution of the
associated homogeneous equation and Az is a parti-
cular solution:

VXVXA®) +1/12) [ c&-DA,F)d% = (2.3)
VXVXRR) + (1/22) [ & -7)B,) d = dre] ).
(2.4)

Equations (2. 3) and (2. 4) show that A1 is induced by

the external field, while A2 is the self-consistent

field induced by the persistent current. Equation

(2. 3) is clearly the generalized London equation.
Using the expansion

S eG-DAF)d% = (1 +GVK,R)+ 04/ Y,
where G is a constant of the order ¢2, we have
G=%g fowrf,c(ry) dr, ,

and observing that the substitution of this expansion
in (2.4), together with the conservation of the neu-
tral current j, implies that

e'za=0,

the Eq. (2.4) can be approximately'® put in the
following form:

VXVXBy(R) + (1/N2)A,R) = dre (2 /N2)i®) . (2.5)

Here it should be noted that A; = (A% - G)¥2 is not
to be confused with the effective penetration depth.
Then solving the Eq. (2.5) and using (2.1) we

obtain

T®=7,0+3.(, (2.6)
51®) = - 1/4md)[ cG-PA,G)a>, (2.7
7.®=[DE-iFa%y , (2.8)
where
1 1
DE-§)=5 X [G(X y) - anl E-F
X exp (—'—’-‘—;Gy—')] . (2.9)

The equations for the magnetic fields Hl— V><A1
and H2 =V ><A2 are

[ c&-F)H,F) d% +12 VXVxH (%) =0,
T, +22 VXV XH,X) = 47ex? VX j ().

(2.10)
(2.11)

Since H1 and Jl do not penetrate into the metal, we
mainly consider Ha_’ and Jz In Sec. III, J 2 will be
denoted simply by J.

Summarizing, our computation procedure in-
volves the following steps: Look for solutions of
the Laplace equation (1.10) under appropriate
boundary conditions to compute f(X), then calculate
the neutral current 'j>(§) by means of (1.20); the
charged current J (x) is then given by (2.6)~(2.8);
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the ground-state energy of the neutral and charged
systems can be computed by making use of (1.23)
and (1.30), respectively.

III. FLUX LINES

In this remaining part of the paper we apply the
boson method to the problem of flux lines in type-
II superconductors. We consider a particular solu-
tion of the Laplace equation (1.10):

f&)=3v ¢ ).

This is the simplest solution with a cylindrically
symmetric nature: ¢(X) is the polar angle of the
vector X expressed in cylindrical coordinates and

v has to be an integer in order that the order param-
eter{#,9,) be single valued.? By using this solu-
tion we calculate in this section the distributions of
current and magnetic field of a single vortex. The
results cover the entire system, including the core.
The function ¢(x - y) given in (1.17) plays a crucial
role in the case: We show that it describes the
structure of the vortex core. In Sec. IV, we con-
sider the problem of the interaction between two
vortices. When the distance d between two vortex
lines is less than the coherence length, we find

that two terms contribute to the interaction force:
One is repulsive (this is the only term present for
d >t), and the other is attractive. The latter con-
tribution increases when the distance decreases.

In the special case where the core structure is
approximated by a 6 function and in the limit «
=)/£>1, we find exactly the same results as the
Abrikosov theory, ! based on the Ginzburg-Landau
equations.

In the present framework of the boson method the
results presented in this paper are valid for any
temperature below 7', and in the approximation which
neglects terms of the order of 1/k*

Finally, we would like to mention that there are
two new approaches to the theory of type-II super-
conductors which try to give a description of the
structure of the vortex line throughout the entire
H, T plane. Bardeen et al.'®haverecently developed
a new method for solving the Bogoliubov equations
in the WKBJ approximation, and they are principal-
ly concerned with such quantities as pair potential
and magnetic field in the vicinity of the core. Eilen-
berger®® has constructed a method of solving the
Gor’kov equations and in a recent paper, ** in col-
laboration with Bittner, gives the description of a
vortex line far from the center.

Neither of these methods is easy to use because
the equations that must be solved contain the order
parameter and the vector potential which must be
determined self-consistently. In our approach, as
we have pointed out in Sec. I, this complication is
by-passed because the space-dependent order param-
eter and the solutions of the Gor’kov equations are

(3.1)
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obtained simultaneously through the boson trans-
formation. Our method at the present time may
still be incomplete because we take into account only
part of the vector potential, using gauge-invariance
considerations. Extension of the method is under
study.

A. Neutral Case

Since f(¥) does not depend on the third coordinate
v3, we can define a new function

e =[ dysc@) (3.2)
and write for the neutral current
&) =12V [ ayeGE-$)/F). (3.3)

Now f(%), given by (3.1), is a multiply connected
function; in order to calculate the current we have
to define the differentiation in (3.3). First wewrite

;@) =[ dyeE-Fr@ ;
then for an infinitesimal translation X-X+5 wehave
CrG+d)=[ dyeG+d -FYE) = [ dy e&-F)F+3).
In the last step we made an essential definition that
F@)=Lv ¢ () varies continuously with §: This is
because the boson transformation B~ By, with f(X)
given by (3.1), requires that the domain of ¢ ()
not be restricted to 0 <¢ <27 but extend from —«
to +o,
Thus, defining

- —y > C i + GE ;) —C -)E

s £ i f
Vifdzy cE -y () =1lim ( 6) (x)
6 -0
(for 5=68;,, i=1, 2),

we find that

T@®=n%} [ d®ye&-3)V/G). (3.4)
After a change of variables it is simple to calculate
the angular part of the integral in (3.4), so that the
persistent current for a neutral superconductor
takes the value

- 22 = e
j(x)=gzm—%l #"—)_/0‘ ryclr,)dr, , (8.5)

2
where 7, = | X | and €(¢,) is the unit vector in the
azimuthal direction,i.e., &(p,)=(~x,/7,, %1/7,).
Since ¢(X) and ¢(X) are functions only of | X |, we
frequently denote them as c(7,) and ¢(r,). If we
recall that the ¢ function is normalized by (1.19),
i.e.,

Zufomr’c'.(v)mf: 1,
we can rewrite (3.5)
. 223 =
-T2 80 (1-—271/ rvc(ry)dr). (3.6)

Yy "

This describes the current distribution in the neu-
tral system. From (3.5) and (3.6) we easily obtain
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limj ®)=0, V-7®-=0,
7y 0
V2§ (%) =m0}

ve(p,)T’ (), (3.7

VX @) = My &ser,) , $T R - dL=mp,
where
dc
— _dc
c(rQ—dn,
€, is the unit vector along the third axis, and the
path of the last integral is a circle of radius R— =,
From these results we can derive the following con-

clusions: The circulation of velocity is quantized
in units of 27/2m:

K=$7,-dl=(2n/2m)v.

The persistent current goes to zero at the center,
behaves far from the axis like the well-known re-
sult

Ty K&,

i® Py for v, > ¢,

(3.8)
and, in the intermediate region, is strongly modi-
fied owing to the ¢ function, as is shown by (3.6).
From (3.8) we can deduce how the superelectron
density varies:
ns(X) = Znnsfor"
in other words,

r,clry)dry,

-
ns(X) {clri for v, <t
s (1=cy/r? for 7, > &,

where ¢, and ¢, are two constants:
— 1 ®_ 3
cy=7c(0), Cg=§1rfo rclr)dr.

To illustrate these results let us use the naive ex-
pression (1. 18) for ¢(X). In this case we obtain

()= 251' 1(%)’

where J, is the Bessel function of first order.
Therefore

ne(X) = ng [1 —JO(%)].

B. Charged Case

Now that the problem is settled for the neutral
case, we consider a charged superconductor. Sub-
stituting the expression (3.5) in (2. 8) we get, after
a straightforward calculation (see Appendix B), the
following vortex current:

3(;;):56%—%3(@) [K1<;:—G> f "y E )1°< >dr

0

‘I‘(%QL)[, r,clr )K(,( )dr] , (3.9)

where K;, I;,(i=0, 1) are the usual modified Bessel
functions. From (2.11) we can express the mag-
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netic field HE_ﬁz in terms of the neutral and realis-
tic currents:

h&) = 4rvx[ex2 ] R -2 T®@)] .

Then, using the expressions (3.5) and (3.9), we
find (see Appendix C)

h®) =% ”;’2 63["(“(7\0 ) fo "y, el )10< )dr
+I0(7\c)/ r,c(ry) K0< )dv,] . (3.10)

Now observing that h(X)~0 as exp[-7,/r] 732 for
7, )\, we can immediately calculate the total mag-
netic flux; we integrate (2.11) over a circular sur-
face of radius R > \:

[d8, - B@® 22 [ d§,  IxVxhE)

=4gex’ f d_é,, . VX ;(-}E)

The second integral does not give any contribution
and we are left with

&= [ dS, i@ =4ner? [ dS,- VXT®) = (/e)v ,
(3.11)

where use was made of (3.7). An equivalent way
to get this result is to compute the flux of the mag-
netic field directly by using expression (3.10): The
calculation is very simple as is shown in Appendix
C and the result agrees with (3.11), as it should.
Applying similar considerations to Eq. (2.10) and
making use of (1.19) we find that the Meissner mag-
netic field ﬁl dves not contribute to the magnetic
flux. Thus & accounts for the total magnetic flux,
which turns out, from (3.11), to be quantized in
units 7/e. It is interesting that the total flux is
induced by the line integral of the neutral current.

Let us analyse the results obtained, recalling
that the function ¢(»,) is practically confined in the
domain 0 <7,< &, and using the asymptotic expres-
sions for the Bessel functions for small values of
the argument:

I(x)=1+0(x2), Ky(x)=1n(1/x),

L(x)=3x+ 0%, K (x)=1/x .

At first we would like to emphasize that in the
approximation considered (see Sec. I) the expres-
sions given above represent the distribution of the
current and of the magnetic field at any point in-
side the superconductor and are valid for any value
of the parameter x(1/V2 < x <) when the ¢ function
satisfies

[ cE-F)eF-2)d% =c(x-2).

Otherwise the error is of the order of (1/«)* Thus,
the result may not require x> £:e.g., 1/k*~10"2
for x~ 3¢. We observe in (3.9) and (3. 10) that two



3600

terms contribute to the current and magnetic field:
The first one represents the behavior for large
values of 7,(i.e.,7, > &), the second one is appreciable
only for 7, < & and thus represents the modification
due to the effect of the core.

(a) 7,~0:
lim J(®)=0,

Ty -0

n(0)= */ rc(r)Ko >d1’ (3.12)

At the center, the current goes naturally to zero,
and the magnetic field reaches its maximum value.
(b) 0< <7y < < &: We find that inside the core the
current 7 does not have the same behavior as the
neutral one i', but is modified by the second term

in (3.9). The magnetic field decreases slowly.

(c) »,»>¢&:

P Tk _ ¥
ey elo, )K1< ~ )_{ 7y c(ry)lo<xi)dry ,

(3. 13a)
AX) = 7‘1'1631{0( G)fr 7, €7 )10< )dr
’ (3. 13b)

The effect of the core is practically negligible.

(d 7,>X;: The current and field fall off
rapidly, owing to the superconducting screening
effect manifested by K,(»,/Ag) and Ky(7,/Ag). From
the expressions (3. 13) we can conclude that our
theory agrees withthe results of the usual theory*!**®
when we consider the limit # >1 (in which case
X =Ay) and distances far from the center:

JE) = —

H(§):2—;%g Ko(&) 53 for », >&, A>E,
)= 3K1< >e(¢x)

Let us close this section by noting that when we
use for ¢(X—¥) the simple expression (1.18), the
following results can be obtained:

J(’) z)\z e(¢>x)f £di
tdt

Y,y J1(rd),
1/,
E&)zﬁgga[ gtz+1/hz Jo(r,1),

where J, and J, are Bessel functions. It is interest-
ing to compare the expression for the magnetic
field at the center that can be derived from (3. 14)

7(0) = (2/4m32) In(1 + 22 /£?)
and the results obtained by Neumann and Tewordt'®
by solving numerically the G-L equations. These
authors calculate the magnetic field in units of the
critical field H, for the values k=1/v2, 1, 2, 5.
The agreement is very good for « =5, but not so
good for smaller values of k.

(3.14)
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IV. INTERACTION ENERGY BETWEEN
FLUX LINES

A. Neutral Case

The energy due to the persistent current can be
computed by putting (3. 5) into (1.23). We find that
the self-energy per unit length of a flux line has
the value

E =12 0% sz ¥y C(ry) dryf v, ¢(r,) In (-Ii ) dr,,
0 7y Ve

where R is the radius of the vortex.

Now let us consider a system composed of two
flux lines and study the static situation when the
centers of the lines are in position 4 and 5, respec-
tively. According to (1.23) the total energy of the
system is

E- (1/27121}(2)) fd3 "(a)(x)+"(b)(x)]
TR TP
=E@ Lg® +(1/nzvg)fd3x'j’(a>(§)_'j'(b) &),

where E® and E® are the self-energies, and the
last term represents the interaction energy between
the lines. Let us study this term. By using the
expression (3. 5) we find that the interaction energy
per unit length is given by

2.2 2 2/dz €(dy) " €(dys)

E(ub) =T (i ,U v
'rxa,rxb

Txa _ Txp —
Xf 7, C(7y) dafyf v, clv,) dr,,
0 0

where the following notation is used:

- -> _ Xog— Mg X3— My >
m l ’ e((me) _< /},x ’ Txm

m

Vem= | X
.

(h-3,0).

The calculation of this expression gives!’

glav __ T von [1nd+ 27f v, clr )1n<d>d7 ]
d

+ 7P zvﬁvzf 7, c(7y) dag/ 7, c(r,) dr,
b 0

fdz €(9,) - €(9) e((P"d)G (v, =7) 0(7, — 7)),
Vx¥Vxa
where d =b — 4 and d is the distance between centers
of two vortices, i.e., d=1 d . The last term in
this expression comes from the core-core inter-
action; it is easily seen that this term is zero when
d > &, while for small distances it seems to be pre-
dominant. When d > £ we have the usual result

E')= _im2)212Ind.

Therefore for large values of the separation dis-
tance we find the usual repulsive force between the

two lines
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Fd) ==V, B = dnn%f? d /a*,
while for small distances the results are strongly
modified by the effect of the core-core interaction.

B. Charged Case

In the charged case there is a contribution to the
total energy that comes from the magnetic field
associated with the lines, Therefore the energy
of the system is given by the expression

H) = /d3 [hz(")ﬂ(z’;)zni(")} ,

where use was made of (1.30). By using the equa-
tion for the magnetic field (2. 11) the last expres-
sion can be written as

H) =32 [a* V- [AE) xT@)]

+3exd fd"‘xﬁ(i) LX)

12102 = 22) [axT(X) - IX). 4.1

Now because h (%) and J (%) are regular functions
(i. e., they do not possess any singularity at the
center), it is easy to see that the first term in (4. 1)
does not contribute. The third term represents

E@)= in ; /dsz('r,,d) [K,,(.;xc.;)[" 7, Ty )I°< G)d'r,, +In< c)[ 7, c(ry)Ko(ﬁ';)dr;} .

In this expression the second term is due to the
core-core interaction and is practically zero when
d>¢, It can be proved, by using the asymptotic
expressions for the Bessel functions, that in the
limit A>> ¢ and for distances d > &, expression (4.4)
gives the well-known result'*'®

2 d
E(d)=§—1%tiKo(g) for A>¢, d>¢.

By using in (4.2) and (4.4) the naive expression
(1.18) for c(X) we obtain

() mla ).
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a correction to the energy of the order of £2/A%
For the sake of simplicity, in the following, we
shall not consider this term, though this quantity
can be calculated by means of expression (3. 9) for
the charged current. Now the energy of the system
is

(B =1et [dxRE) - VxTE).
From the results (3.7) and (3. 10) we obtain for the
line self-energy (per unit length)

: mr c(r)K‘)( G>d1’,r

x/r 7, c(r)Io< )dv
o

The usual theory gives for this quantity the expres-
sion

@2
E=o3x

(4.2)

E= (‘I’/4‘n‘7\r,)z In(2;/£). (4.3)

This result represents a rough approximation of
(4.2) in the limit A>>£.18 In a similar way we can
calculate the interaction energy per unit length
between two lines, whose centers are separated
by a distance 4:

4.4)

5° ye  tdt
E(d) zxz / t2+ 1/7\% Jo(dt)-

We notice in these expressions that the self-energy
of a vortex is related to the value of the magnetic
field at its center

E=(3/8mh(0)
and that the interaction energy between two vortices
can be expressed in terms of the magnetic field of
a line as
E@d)=(&/4mr(d).

The potential energy (4.4) leads to tl_le following
interaction force in the direction of d:

F(d)=—;%%fdzx5(n)8—;2”[&(%2‘)[’“” c(")”"( )dr I‘( c>.[,, el )K°< >dr]

Because the Bessel functions are positive and the
integral of the function ¢(r,) is positive definite, we
find that the force is composed of two terms, one
repulsive and one attractive. It should be noted
that the attractive part is present only whend < §.

V. CONCLUSIONS

Our method of computation can be summarized

as follows: Solve the Laplace equation for the
phase, calculate the neutral persistent current,
and, from the latter result, calculate the charged
persistent current; the ground-state energy and the
magnetic field can be obtained from these currents.
All these results are expressed in terms of the

¢ function. We have not studied the ¢ function in
detail; it is one of our future programs to compute
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it by the boson formalism itself. As an application
we have studied the vortices and computed the cur-
rents, magnetic fields, vortex self-energies, and
the mutual interactions among the vortices. The
approximation used is to ignore the terms of order
(1/k)%(k = 1/£) so that the results can be applied to
a wide range of k.

Our expressions for the currents and magnetic
fields are valid even in the vortex core. These
quantities have been computed by many authors;
in the region far from the center our results coin-
cide with theirs. The mutual force between two
vortices was obtained for arbitrary distances
between the vortices. For large distances itagrees
with the result found in the literature, whereas at
short distances there appears an extra attractive
force. Our result for the self-energy of a single
vortex agrees with the known result only when we
approximate the ¢ function by the 6 function. The
precise form of the self-energy is important for
the computation of the critical magnetic field.
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APPENDIX A

In the case where f(X) is not confined to a finite
domain, so that the partial integration is not permit-
ted, the proof of Eq. (1.15) can be modified as
follows. Let us consider the commutator

[N®, 7, 1)] = —iv% [ &% FGm(V, ) V2d(F - %),

where use was made of Eqs. (1.14) and (1.19). We
can now perform the partial integration because
d(¥ - X) is a function of finite range. We then find
that

N9, 7, 1)]= - iv} [ d% VF@F,)dF -%) =0,

owing to the Laplace equation for f(¥). Further-
more, it is obvious that N 2 commutes with B(X)
and ¢ (%) (the quasielectron field). Thus N2 must
be a ¢ number. We then have

N (0| 8@ | 0);
on the other hand
(o[ & ] 0)=0
because
(0| B|o)=0.

We have thus proved that N2 is zero.

This proof, however, is too formal, because we
know that N‘z’ is not well defined as an operator
acting on the Hilbert space of the quasifermions and
quasibosons when f()?) extends to an infinite domain.
As was pointed out in Ref. 19, we consider in
such a case a finite tridimensional domain D(L),
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defined as the set of points X such that |1X |< L, and
introduce a function g(X) such that

1 for X€D(L)

g®) =
0 for |XI>L.

We then construct a new operator N ‘2’ defined as
N2 = [@xgRIRp@ @ =- [ dsxg(z?)f(x)n(v)w(’)

where f(X) satisfies the Laplace equation (1.10).
The boson transformation of any operator A(x) is
then defined by

Ap(x)= lim exp(~iNZ)AR) exp(iN 2),  (Al)
L =»»

which is, in many cases, well defined, while -

lim exp(iN{2)
L~

is not. For instance for X€D(L)

By(%)= lim exp(~iN ) BX) exp(N 7))
=B®)+ilim [ &y g§)f ) n(v,)dE~F)
=B®)+i [ d f§)n(V,)dG - )

because d(X - y) has a short range. Therefore for
XeD(L) the definition (Al) of the boson transforma-
tion coincides with (1. 8) given in the text.

Following an argument similar to the one applied
to N, we can show that N{2commutes with (%),
B(") and ¢ (X) when ch(L) We then conclude that
N ) acts as a null operator in the algebra of opera-
tors in D(L). This conclusion with the limit L -
is the precise meaning of the previous statement
giving N }a) =0.

Since D(L) represents the domain of the system
under consideration, the integration of any observ-
able A(X),

f BxAR) ,

should be limited to the domain D(L) with L being
practically infinite. In this way such an operator
belongs to the algebra of operators in D(L).

then see that the boson transformation of these
observables can be performed simply by the re-
placement (1.8). For example, the boson trans-
formation induces the following change in the
Hamiltonian (1.1) [see (1.22)]:

v&M; +c number,
with
Mf: fdax-éB(E ° sf(;{)y
M;= [a*xVB .V [a® fGm(,)dE -7).

It is easy to show that M; commutes with 7(X), B(X),
and ¢ (X) when X€D(L) and therefore that M; is a
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null operator. In this sense the boson transforma-
tion leaves invariant the g part of the Hamiltonian
and modifies it only by a ¢ number. It must be
noted that this assertion is not in conflict with the
result previously found that N,ff,’ is a null operator
in the algebra D(L).
if 2(X) is the Hamiltonian density, our Hamiltonian
is given by

H=[dxn(®),

where the integration domain is confined to D(L) so

that our Hamiltonian belongs to the algebra D(L). On

the other hand N§? is defined on an algebra bigger
then D(L), because g extends out of D(L). This
means that

(2) ?"[H N (2)]

To give an intuitive description of the argument
exposed in this appendix we note that as a first
step in our approach we solve the equations of mo-
tion (1.11) in an homogeneous system that extends
to infinity. Until this point all the quantities are
defined in the whole domain. When, through the
boson transformation, we induce the space depen-
dence, we must limit ourselves to the dimensions,
extremely big but finite, of the system under con-
sideration. The boson transformation and the in-
variance of the equations under this transformation
are properly defined in this restricted domain.

APPENDIX B

Calculation of the chavged curvent. According
to (2.8) the charged current J is given by

3®=3 | -5 [avem(-EH)
2]
Ix-ylI

Since the neutral current -]?G() does not depend on
the third coordinate, we can immediately calculate
the integral over y3:

1X-3 I 1 (ni—?t
/dyaexp< g >I§—§l—2K° Xy ),
where K| is the modified Bessel function of zero
order; then using the expression (3.6) we obtain®

J(")~—[e3(*) —4—1;—3;—//d2 ( )——‘21)

X (1 - 211/ ¥,C(7,) dr,)] ”

Ty

The calculation of the first integral gives us

J e S ST,

where K, is the modified Bessel function of first
order and use was made of the formula (see 6.5618
of Ref. 21)

As we have already mentioned,

3603

1
f ¥ 1K (ax)dx = 272 T(w +1) -a"'K,,, ,(a)
0
(Rev > -1).
When we define

b [avm(3) S [Troan,
vy Iy

the charged current can be written as

36)- —L{M 300k (%)

_2mAg /
Tx 7

x

vy C(n)dr, ] +DE) } . (B1)

To calculate the quantity P(X) let us take, for
simplicity, X on the first axis and consider the
second component of 'é((p,,) [the first component of

€(¢,) gives zero as a result]:

had r
P(?()::— ¥,C(7,) dr,/ ‘ dr,
¢ Yo 0

ar
Xf d¢yK0( ) cosoy |
0 Ag

In order to calculate the angular part let us use the
integral representation of K; (see 8.4327 of Ref.
21)

K,,(xz)=zz—v./0’wexp[ ;(t+—> t""ldt]

(| argz | <4m)
so that

ar

d¢>yK0<—> COS¢’,,—2.[2”d¢ycos¢y
el ()

o [ Fonl-5 (5] ()
()
() -l

where in the last step we used the formula (see
6.6531 of Ref. 21)

_[”em(—%x—~%€ (a® bz)> (ib) chCx

{ZI (@)K, ()

[>]

O0<a<bd

0<b<a (Ren>~-1).

21,(0)K ()

Therefore
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P(x)=-—-e(qb,,)/ r,c(r,)dr,/rdry[h( >K1< >9(1’,, r,,)+I( >K1( >€(¢ r,,)]

By recalling that
d
11(2)— Slo(@), Kilz)=-—-K,(2),

the integration in %, is easily performed to give the
result

-ls(x)='é(¢,,){21r[K1<—:—’;) f i 'y,c('r,)lo< G)dr,
-4 rean{i) o]

x

J

T
271 ”
_K1< >+—G-7r / v, clr)dy { |
AG Ve Ty

where use was made of the well-known Wronskian
property
I(2)K,,1(2)+1,, () K,(2)=1/z.

Substituting the expression obtained for _f>(x) in
(B1) we find the result (3.9).

APPENDIX C

Calculation of the magnetic field. As we have seen in Sec. III B, we need to compute the curl of the

charged current to obtain the magnetic field:

Vx J(')-—vxe(qs,)[xl( )fo r,c(ry)zg( )dr, (%C—;)[:';fy&'(@)Ko(%)dry] .

Now using the formula

[0 0)] <& [ £ ]

where g(»,) is any regular function of the modulus
IX | =7, and using the recurrence formulas for
the Bessel functions

d _ 1 d 1

K= -Kol&) -2 KiR), = $(2)=I2) -~ h(z),

we obtain

- - d - | -
VXJ(Q:me3{1’xC(7x)

[52)af )%( ) ()

J

o~/ 560 as,- 2%

By using the formulas
0 1
/ xKolax)dx = -l—Ki(a), / xlplax)dx = lIl(a)
1 a 0 a

we can perform the integration over 7,:

2261;2:[ rym)[h( )’“( )

—

1
L

: G)/orxryc—.(yy)l'o(%) dr,
_ilo(%)./r; rc(';')Ko( )dr}

This, together with the fourth relation in (3.7) and
the Wronskian property for the Bessel functions,
gives the value of the magnetic field (3.10).

Calculation of the magnetic flux.. In this last
part of the appendix we want to show how to calcu-
late the magnetic flux directly from the expression
(3.10) for the magnetic field:

>f[§

r ©
dr| %, ( L2 Yo\ ar, 41 (2= g % )a
redra| Ko\ ) S 5E0ILRE Jdry 41 s 7, CORIK\ = ) dry | -
e e

[
7'3, v i
) I = —
+K°<7\G> 1(Ac)d’3’] e’

where use was made of the Wronskian property for
the Bessel functions and of the normalization of the
¢ function.
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